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Introduction

What are Discrete-Time Signals?

What are Discrete-Time Systems?

Linear Time Invariant System & its Properties
Linear Constant Coefficient Difference Equation

Digital Signal Processing (def)
1 Processing of digital signals using various algorithms.

[ Representation, transformation and manipulation of signals and the
information they contain.

Applications
1 Communications IN ouT
[ Space Exploration ﬁm -

Medicine

Archaeology

Speech

Image processing

e.g. cellular phone, fax/modem, radio, disk drives

ooooo

Primary Concern of DSP — Real Time Signal Processing.
Analog based system — sensitive to temperature changes

m DSP based system — less affected by environmental
conditions

1 Cost Effective

] Easily reprogrammed

1 Precise mathematical Operations
1 High Processing Speed

1 Accuracy

1 Storage
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m DTSP
1 Sampling of analog signals at discrete instants of time
1 Magnitude is the same as that of the analog signal

= dicrate-time procewing of continuous signals.

m DSP
1 Sampling of analog signals at discrete instants of time
1 Quantization to the nearest integer value.

« Digital Signal Processing (DSP) s derived Trom DTSE

m Physical quantity that varies with some independent
variable (s) like time. e.g.

1 Speech, Seismic signal, ECG , EEG etc.

= Types

W
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Continuous Time Signal

(defined for every value of time) value of time)

R T T I
Discrete Time Signal
(defined at certain specific

m A discrete-time signal is an indexed sequence of real or
complex numbers. Thus, it is function of an integer-valued
variable, n and is denoted by x[n].

x[n]=(..243320225..)
T

m A discrete-time signal is undefined for
non-integer values of n.

m A real-valued signal x[n] will be
represented graphically in the formofa #3211 01235
lollipop plot as shown.

m The unit impulse (or unit sample) sequence
d[n], is defined as 3[n]

1
1 n=0
J[n]=
In] {0 n=0
210123
= The delayed/shifted unit impulse/sample
sequence J[n-K] is defined by S[n-k]
1
STn—k] = {1 n=k
0 n=zk 2-1012 k




m The unit step sequence u[n], is defined as

1 n>0 1
u[n]={ "
0 n<O

u[n]

2-1012345 n

= The shifted unit step sequence u[n-k] is defined as
u[n-k]
1 nxk 1

u[n_k]z{o n<k

2-1012

i

X[n]8[n] = x[0]o[n]
X[n]o[n —k] = x[k]o[n—K]

m From the definitions of
8[n] and 3[n-K], it is
readily seen that

= Note that §[n] and u[n]
are related by

ufn] = 3 SIK]
d[n]l=u[n]-u[n-1]

m Any sequence x[n] can _ > _
be expressed as X[n] k;OX[k]a[n k]
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N Real part
% Generation of a complex exp. sequencg

x[n]=2exp(-%+ j£)n

clf; H T

¢ = -(1/12)+(pi/6)*i; fg 0 T"l lLO?TTT?U%Mooww%oomooowmvo
K=2; 1 M

n = 0:40;

x = K*exp(c*n); 0 5 10 15 20 25 30 35 4

Time index n

subplot(2,1,1);

BN qin 2m
stem(n,real(x)); 2e  sinZn

Imaginary part

xlabel('Time index n');ylabel('Amplitude’);
title('Real part’);

subplot(2,1,2);

stem(n,imag(x));

xlabel(‘Time index n’);ylabel( Amplitude’); (LML(L
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title('Imaginary part'); El
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Time index n

Ref: Program P12, DSP Lab using Matlab, Mitra
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% Generation of a sinusoidal sequence
n = 0:40;

Sinusoidal Sequence

f=10.1;

phase = 0;
A=15; 1

arg = 2*pi*f*n - phase;

x = A*cos(arg);

o
clf; % Clear old graph é T T T T T T T
stem(n,x);% Plot the generated sequence| H

axis([0 40 -2 2]);
grid; -1

title('Sinusoidal Sequence');

xlabel('Time index n’);

ylabel( AmplItUde ); h [ 5 10 15 20 25 30 35
axis; Time index n

Ref: Program P14, DSP Lab using Matlab, Mitra




= A real-valued sequence x[n] is said to be even if, for all n x[n]
= x[n]=x[-n]

= whereas it is said to be odd if, for all n XIn]

* i) = x[n] 0
0 n

= Any signal x[n] can be decomposed into a sum of its even part

x.[n], and its odd part x,[n], as follows:

x[n] = x[n] + X,[n], Example:
where x[n]:_(3 6210185)
X[l = 172 {(xnixenl, X[n1=(58110263)

Xo[n] = 1/2 {x[n]-x[-n]}. x[N]=(4 7 1.510 1.5 7 4)
X[N]=(-1-10.500.511)

sequence for which

time sinusoid, then

which requires that

= In the discrete-time case, a periodic sequence is a
n x[n]=x[n+ N], forall n, where the period N is an integer.

m If this condition for periodicity is tested for the discrete-

Acos(wyh + @) = Acos(weh + ayN + @),

w,N = 27K, wherek isan integer.

= Determine whether or not the following signals are
periodic and, for each sequence that is periodic, determine
the fundamental period.
(@) x[n]=co0s(0.1257n)
(b) x[n]=Re{e**2}+ Im{e"* 18}
(c) x[n]=sin(z +0.2n)

(@) ¥[n]=e"" cos(nz/17)

m Shifting

(delay), given n, positive

m Note: The operations below are order-dependent.

0 If y[n]=x[n-ny], X[n] is shifted to the right by n, samples

X[n]

Bl

x[n-2]

ol

2-10123456 n

2-10123456




m Reversal

1 Given y[n]=x[-n] (simply involves “flipping” the sequence
x[n] w.r.t. to index n)

x[n] X[-n]
N 1)
-2-10123456 n -5-4-3-2-10 n

m Time scaling
1 Given y[n]=x[Mn] or y[n]=x[n/N] where M and N are positive

integers.
x[2n] Down-sampling| x[n/2] Up-sampling by
L by a factor of 2 I a factor of 2
1., ' 1
210123456 n 210123456789 1011 N

m Addition

1 The sum of 2 sequences,
y[n]=a[n]+b[n] is formed by the

pointwise addition of the two n Lo 1 |2 |3 |4
sequences.
a[n] 2 -1 |0 |4 7 3
m Multiplication (or modulation) bIn] 3 |5 |27 |a |5
1 The product of 2 sequences,
y[r!]:a[_n]b[n] is formed by the :E’l;’]'ﬂgffn] 5 |4 |2 11118
pomtvwse product of the two Multiplication |6 -5 |0 |28 |28 |-15
sequences. afblbin]
Scaling 6 -3 |0 |12 |21 |9
m Scaling (or scalar multiplication) |32l

1 Amplitude scaling by a constant c,
y[n] = cx[n] is accomplished by
multiplying every sample value by c.

m A discrete-time system is defined mathematically as a
transformation or operator that maps an input sequence
with value x[n] into an output sequence with value y[n].

y(n) = T{x(n)}

x[n) wln)

wln] =T{z[n]}

m  Example 2.3 The ideal delay system

y[n]=x[n-n,]
where n, is a fixed positive integer called the delay of the system.

m  Example 2.4 Moving average system
Mo

1
M= 3w 2 A

1
= = | M My—1]+---
M1+M2+1{x[n+ I+ x[n+ M —1]+---+x[n]

+x[n—11+4 .- +x[n— Mo]}.




= Output y[n] at every value of n depends only on the input

Memoryless Systems
Y ¥ x[n] at the same value of n.

Linear Systems
Time invariant Systems
Causal Systems
yln]=([n]?
Stable Systems
= Any other memoryless system examples?
1 Daily temperature measurement.

m Example 2.5 - A memoryless system

= Any other systems with memory?
1 Five-day or recent temperature average.

= The class of linear systems is defined by the principle of = An accumulator system defined by the equation
superposition as follows: n
1 Additivity property y[n]= k:Z x[k]
TN+ %, [n13 = T [N} + T{X, [n]} 1 Given two arbitrary inputs x,[n] and x,[n], and their

corresponding outputs:
1 Homogeneity or scaling property

T{aX[n]} — aT{X[n]} yi[n] = k;oxi[k] and yz[n] = k;uXZ[k]

1 Two properties can be combined into the principle of 1 When the inputis  X;[n] = ax,[n]+bx,[n], the output
superposition ) ., .
T{ax,[n]+ bx,[n]} = aT{x,[n]}+ bT{x,[n]} ys[nl= D xkl=a Y x[k]+b > %[kl = y,[n]+ y,[n].
k=—0 k=—0 k=—0

Superposition principle




Example: Let y(n) = 23(n) (ie. T} = (-)2). Then,

T{a1(n) + x2(n)} = m?(n) -+ m%{n) + 2a(n)aa(n)
# af(n) + 23(n)

Hence, this system is nonlinear!

A time-invariant (shift-invariant) system is a system for
which a time shift or delay of the input sequence causes
a corresponding shift in the output sequence.

Specifically, the system satisfies

x[n]= y[n], then x[n—-n,]= y[n—n,]

= Given a accumulator system

n

yIn]= > xIk]

k=-o0
1 We define a shifted input x,[n]= x[n—n,].

n-ny

[ First, y[n-ny]= Y x[k]

=0

01Second, y,[n]= znlxi[k]

=

11 Substituting the change of variables k, =k —n,

n-ny

Y= Yxk-nd= > xlk]=y[n-n,]

=0 =0

Definition - A system L is causal if and only if each output is
a function of prior inputs only. In other words, if _
then y[n] is a function of {..., [n-2], x[n-1], x[n[} oA = Lix[n]]

Example 2.9 Forward and Backward Difference Systems
1 Consider the forward difference system defined by
y[n] = x[n+1]-x[n]

= The system is not causal, since the current value of the
output depends on a future value of the input.

1 Consider the backward difference system defined as

y[n]=x[n]-x[n-1]

= The system is causal, since the output depends only on the
present and past values of the input.




m  The system L is bounded-input, bounded-output stable,

’ - A Given a memoryless system A
or BIBO stable if and only if every bounded input results - y ¥

in a bounded output. y[n]= (x[n])?, for each value of n.
m  Formally - The system L is BIBO stable if and only if for
some AcR, A>0, it is true that = Given an accumulator system B
n
[x[n]|< A for all n (x is bounded) y[n]= Z x[k]
k=0
then there exists BeR, B>0 such that m  Given the forward and backward difference systems

|y[n] < B foralln (y is bounded) y[n]=x[n+1]-x[n]

where

yin) = Lix(nl} I =xnd=xin =4l

Linear Time-Invariant (LT1) system is a system that is both linear and Let il e ithie resperieof the m s .
time-invariant (sometimes refered to as a Linear Shift-lnvariant (LSI) Due to the time-invariance preperty, the response ta 8(n — k)
system) issimply hin—Fk) ==
The sequence {h(n)} is commonly referred to as impulse response of the y(n) = T{z(n)}
oo
s =7{ 3 alk)bn—Fk)
k=—00

frfim)

) LTI o
1 system ! E 2(k)T {6(n—k)}
k=—cc
" oo

! Z a(k)h(n — B)={(n)} * {(n)} convolution sum
h=—0c




# Definition - A system L is causal if and only if each output is
a function of prior inputs only. In other words, if y[n]= L[x[n]]
then y[n] is a function of {..., x[n-2], x[n-1], x[n]} only.

Theorem (LTI Causality) - An LTI system L with impulse
response h[n] is causal if and only if
h[n]=0 forn<0.
Proof: An input x[n] results in an output
y[n]= > h[n—m]x[m] =" h[n—m]x[m]+ > h[n—m]x[m].
m=—0 m=—x m=n+1
The second term will be zero for any input x[n] if and only if
h[n-m]=0 form=n+1n+2,...,0
or (by change of variable)
h[m]=0 form = —o,...,—3,-2,-1.

mSuch a system is often referred to as being non anticipated.

m Causal System

h[n]=u[n]-u[n-1]

m Non-Causal System

h[n]=u[n+1]-u[n]

m Theorem (LTI BIBO stability) - An LTI system L is
BIBO stable, if and only if it has an absolutely
summable unit pulse response h[n]:

> |h[n]| < 0
N=-o0
Proof of “if™ Let the input 2(n) be bounded so that |a{n)| < Ly,
¥n € [—oo, 0o, Then

() [ﬁ Wk)tn — )|

> IBEla(n— k)|

k==—ca

1

1A

k=—00 Fe=—ca

Le 3 k) =+ Jum)|<ocif ) |E)| < oo

All LTI systems are described by the convolution sum.

The impulse response is a complete characterization of the
properties of a specific LTI system.

Basic properties of convolution
1 Commutative
y[n]= x[n]*h[n] = h[n]*x[n]
{1 Distributive
X[n]* (hy[n]+ hy[n]) = x[n]* hy[n] + X[n]*h,[n]
1 Cascade connection
x[n]*h[n]*h,[n] = X[n]* (h,[n]*h,[n])
1 Parallel connection
X[n]*h[n]+ x[n]*h,[n] = X[n]* (hy[n] + h,[n])




m Discrete-time LTI system can be characterized by linear

constant coefficient difference equations (LCCDE'’s or
hy[n] h,[n]
x[n] yin] x[n] y[n] DE).
m LCCDE may be regarded as the discrete analogues of
] h[n] * hzln] e the LCC differential equations central to continuous

system theory.
m  Example - A generic difference equation (DE):

> b[k]y[n—k]=>"a[m]x[n—m].
k=0 m=0

which is a weighted sum of shifted outputs up to the current
one, expressed as a weighted sum of shifted inputs.

m  An example of the class of LCCDE is the accumulator

system defined by y[n]-y[n-1] = x[n]

y[nl= > x[k]
k=—

n-1 / \ nd

yin-1= Y xik]  YInl=xIn]+ > x(k]

k=—0

One-sample
delay

k=-x

yln—1]
y[n]=x[n]+y[n-1]

i Figure 2.15 Block diagram of a recursive difference equation representing an
accumulator.

y[n]-y[n-1]= x[n]




m  The difference equation satisfied by the input and
output of a system is
y[n]=ay[n-1]+ x[n].

Consider the input  x[n] = K5[n], where K is an arbitary number,
and the auxiliary condition  y[-1]=c.

y[nl=ayln-1]+x[n] n>0 yn-1]=a*(y[n]-x[n]) n<-1
yl0]=ac+K, yi2l=a (yl-1-x[-1)=a’c,
y[1]=ay[0]+0=a(ac+K) =a’c +aK, y[-8]=a(y[-2]-x[-2]) =a ’c,
y[2]=ay[l]+0=a(@’c+aK) =a’c+a’K, y[-4]=a?(y[-3]-x[-3])=a"c,

n+l

y[n]=a""c+a"K for n>0 y[n]=a""c forn<-1.
'

N
y[n]=a""c+Ka"u[n], forall n.

The output for a given input is not uniquely specified.
Auxiliary information or conditions are required.

If the auxiliary information is in the form of N sequential
values of the output

[ later values can be obtained by rearranging the
difference equation as a recursive relation running
forward in n;

1 Prior values can be obtained by rearranging the
difference equations as a recursive relation running
backward in n.

Linearity, time-invariance, and causality of the system will
depend on the auxiliary conditions. If an additional condition
is that the system is initially at rest, then it will be linear, time
invariant, and causal.

If x[n]=0for n <ny, then y[n]=0forn <n,.

Given the system
y[n]=ay[n-1]+ x[n].
01 Consider the input X[n]=Kd[n];
0 Since with initial-rest conditions X[n]=0,n<0= y[-1]=0;
1 From the general output, we see the output is
y[n]=Ka"u[n], forall n.

o ifthe inputis  X[N]=Ka[n—n,], again with initial-rest
conditions, then the recursive solution is carried out using the
initial condition y[n]=0,n<n,.

[ The initial rest does not always mean that y[-1]=---= y[-N]=0,
but it does mean y[n]=0 for n<n, if x[n]=0 forn<n,.
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